
1 
 

 
 
Abstract 
 

Wavelet transform (WT) is theoretically investigated to recover bridge mode shapes 
from a passing two-axle test vehicle by using the correlation between the front and 
rear contact points. In this study, closed-form solutions for the dynamic responses of 
the bridge and front and rear contact points are derived. To overcome the masking 
effect by vehicle’s self frequencies on bridge frequencies in the vehicle’s spectra, the 
procedure for calculating contact responses of a two-axle test vehicle considering the 
suspension effect was derived. Next, the procedure for constructing bridge mode 
shapes using the WT is proposed and theoretically investigated. The efficacy of the 
proposed procedure is validated by numerical studies.  
 

Keywords: bridge, vehicle, mode shape, wavelet transform, contact, vehicle scanning 
method 
 

1  Introduction 
 

As critical components of civil infrastructure, bridges play an important role in 
connecting roads that are separated by natural or artificial barriers. As they are critical 
to ground transportation and economic development of a region or country, the safety 
and durability of bridges are always of concern. Previously, to monitor the health 
status of bridges, vibration-based structure health monitoring (SHM) methods have 
been widely used, which can provide reference in a timely manner to the bridge 
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administrators for duty-scheduling and decision-making. For the last half century, the 
measurement of the bridge response has been primarily based on the direct method, 
i.e., by installing vibration sensors on the bridge to directly measure the bridge 
response. For the huge number of bridges existing all over the world, there is an urgent 
need to develop economical and efficient method that can be widely used in the health 
monitoring of most bridges.  

As part of the effort to tackle the above problem, a moving test vehicle fitted with 
sensors for extracting the bridge frequencies was proposed by Yang et al. in 2004 [1]. 
To better interpretation of the meaning implied, such a method was renamed as the 
vehicle scanning method (VSM) for bridges. Primarily, the dynamic response 
acquired by a moving test vehicle was utilized to extract bridge frequencies by 
analytical, numerical or experimental studies [1-3]. Subsequently, such a technique 
has been extended to the identification of other bridge properties, such as mode 
shapes, damping ratios, and damages. Since the concept of the VSM first proposal in 
2004, it has drawn increasing interest from researchers worldwide. Progress on 
various aspects of the VSM has been achieved in the past nearly two decades [4]. 

Previously, bridge mode shapes and their derivatives have been widely used for 
bridge damage identification. To construct bridge mode shapes effectively, techniques 
such as Hilbert transform [5], short time frequency domain decomposition [6], short-
time Fourier transformation [7], matrix completion [8], and wavelet transform (WT) 
[9] were adopted.  

However, as far as the vehicle response is concerned, an annoying fact is that the 
vehicle’s frequencies may appear as striking peaks in the vehicle’s spectrum, which 
may obscure the identification of bridge frequencies. To alleviate such a problem, a 
simple and efficient way is to use the vehicle-bridge contact response, which can 
enhance the identification of bridge frequencies. In this study, the procedure for 
calculating the front and rear contact responses of a two-axle test vehicle considering 
the suspension effect will be derived.  

To construct bridge mode shapes, the time-frequency analysis techniques are 
particularly attractive, among which the WT is an advanced representative. Through 
the WT, the time domain response can be transformed to the time-frequency domain, 
and thus provides information about both time and frequency. In this study, the WT 
is theoretically investigated to construct bridge mode shapes via the skillful use of the 
correlation between the front and rear contact points of the two-axle test vehicle.  
 

2  Closed-Form Solutions for Bridge and Contact Responses 
 

With reference to Figure 1, the analysis model adopted is a simply supported beam 
subjected to a two-axle vehicle moving at speed 𝑣 . The two-axle test vehicle is 
modeled as a four degree-of-freedom (DOF) system, consisting of car body (two 
DOFs) and two wheels (one DOF for each wheel). The vehicle’s body used is 
simplified as a rigid beam of mass 𝑀௩, mass moment of inertia 𝐽௩ and length d. The 
front and rear wheels of masses (𝑚௪, 𝑚௪) are connected to the car body through 
suspension spring-dashpot units of stiffnesses (𝑘௦ , 𝑘௦) and damping coefficients 
(𝑐௩, 𝑐௩), and in contact with the bridge by wheel spring-dashpot units of stiffnesses 
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(𝑘௪, 𝑘௪) and damping coefficients (𝑐௪, 𝑐௪). The distance from the 𝑗th axle to the 
vehicle’s center of gravity is denoted by 𝑑 (𝑗 ൌ 𝑓, 𝑟). 

The equations for the vertical and rotational motions of the car body are 
𝑀௩𝑦ሷ௩  𝑐௦ൣ𝑦ሶ௩ െ 𝑑𝜃ሶ௩ െ 𝑦ሶ௪൧  𝑐௦ൣ𝑦ሶ௩  𝑑𝜃ሶ௩ െ 𝑦ሶ௪൧ 
𝑘௦ൣ𝑦௩ െ 𝑑𝜃௩ െ 𝑦௪൧  𝑘௦ሾ𝑦௩  𝑑𝜃௩ െ 𝑦௪ሿ ൌ 0, 

(1)

𝐽௩𝜃ሷ௩ െ 𝑐௦𝑑ൣ𝑦ሶ௩ െ 𝑑𝜃ሶ௩ െ 𝑦ሶ௪൧  𝑐௦𝑑ൣ𝑦ሶ௩  𝑑𝜃ሶ௩ െ 𝑦ሶ௪൧ 
െ𝑘௦𝑑ൣ𝑦௩ െ 𝑑𝜃௩ െ 𝑦௪൧  𝑘௦𝑑ሾ𝑦௩  𝑑𝜃௩ െ 𝑦௪ሿ ൌ 0. 

(2)

where 𝑦௩  and 𝜃௩denote the vertical displacement and rotation, respectively, of the 
mass center of the vehicle’s body, 𝑦௪ the vertical displacement of the front or rear 

wheel, and the dot ( ሶ ) denotes the time derivative.  
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Figure 1 A two-axle vehicle travelling over a simply supported beam [10]. 

 
The vertical equation of motion of the front and rear wheels is 

𝑚௪𝑦ሷ௪ሺ𝑡ሻ  𝑐௪ൣ𝑦ሶ௪ሺ𝑡ሻ െ 𝑢ሶ ሺ𝑡ሻ൧  𝑘௪ൣ𝑦௪ሺ𝑡ሻ െ 𝑢ሺ𝑡ሻ൧ 
ൌ 𝑐௦ൣ𝑦ሶ௩ሺ𝑡ሻ െ 𝑦ሶ௪ሺ𝑡ሻ൧  𝑘௦ൣ𝑦௩ሺ𝑡ሻ െ 𝑦௪ሺ𝑡ሻ൧, 𝑗 ൌ 𝑓, 𝑟. 

(3)

Here, 𝑢ሺ𝑥, 𝑡ሻ and 𝑢ሺ𝑡ሻ are the vertical displacement of the beam and displacement 
of the contact point, with 𝑢ሺ𝑡ሻ ൌ 𝑢ሺ𝑥, 𝑡ሻ|௫ୀ௩൫௧ି௧ೕ൯, and 𝑡 ൌ 0 and 𝑡 ൌ 𝑑/𝑣 the 

entry times of the front and rear axles.  
In order to get a succinct analytical solution for the bridge and contact points, the 

bridge considered is a simply supported uniform Bernoulli-Euler beam of span length 
L, per-unit-length mass 𝑚, elastic modulus 𝐸, and moment of inertia 𝐼. The equation 
of equilibrium for the vertical motion of the beam under the moving vehicle is  

𝑚𝑢ሷ ሺ𝑥, 𝑡ሻ  𝐸𝐼𝑢ሺ𝑥, 𝑡ሻᇱᇱᇱᇱ ൌ 𝐹ሺ𝑡ሻ, (4)
where the prime ( ᇱ) denotes the spatial derivative. Assuming that the mass of the 
two-axle vehicle is much smaller than that of the bridge, i.e., 𝑀௩  𝑚௪  𝑚௪ ≪
𝑚𝐿, the inertial effect of the test vehicle on the bridge response can be neglected [65]. 
Therefore, the contact force 𝐹ሺ𝑡ሻ arising from the vehicle’s front and rear axle loads 
𝑝 (𝑗 ൌ 𝑓, 𝑟) can be represented as 

𝐹ሺ𝑡ሻ ൌ  𝑝𝛿ൣ𝑥 െ 𝑣൫𝑡 െ 𝑡൯൧ൣ𝐻൫𝑡 െ 𝑡൯ െ 𝐻൫𝑡 െ 𝑡 െ 𝑇൯൧
ୀ,

, (5)

where 𝛿 and 𝐻 denote Dirac’ delta and unit step functions, respectively, 𝑇 the travel 
time (ൌ 𝐿/𝑣), and 𝑝 the front and rear axle loads, i.e.,  

𝑝 ൌ
ൣ൫𝑑 െ 𝑑൯𝑀௩  𝑚௪൧𝑔

𝑑
, 𝑗 ൌ 𝑓, 𝑟 (6)
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and 𝑔 is the acceleration of gravity.  
By modal superposition, the displacement of the beam can be obtained [10] 

𝑢ሺ𝑥, 𝑡ሻ ൌ  
Δ௦௧,

1 െ 𝑆
ଶ  sin

𝑛𝜋𝑣൫𝑡 െ 𝑡൯
𝐿

െ𝑆sin𝜔,൫𝑡 െ 𝑡൯
 ቈ

𝐻൫𝑡 െ 𝑡൯

െ𝐻൫𝑡 െ 𝑡 െ 𝑇൯
 sin

𝑛𝜋𝑥
𝐿

ୀ,

,

ே

ୀଵ

 (7)

where 𝜔, is the nth frequency of the beam, 𝑆 the speed parameter, Δ௦௧, the nth 
modal static deflection  caused by 𝑝,  

𝜔, ൌ
𝑛ଶ𝜋ଶ

𝐿ଶ
ඨ

𝐸𝐼
𝑚

, 𝑆 ൌ
𝑛𝜋𝑣

𝐿𝜔,
, Δ௦௧, ൌ

2𝑝𝐿ଷ

𝑛ସ𝜋ସ𝐸𝐼
 (8a-c)

Letting 𝑥 ൌ 𝑣൫𝑡 െ 𝑡൯ to represent the contact location of the jth axle on the 
bridge yields the contact displacement 𝑢ሺ𝑡ሻ as  

𝑢ሺ𝑡ሻ ൌ  
Δ௦௧,

1 െ 𝑆
ଶ ቈsin

𝑛𝜋𝑣ሺ𝑡 െ 𝑡ሻ

𝐿
െ 𝑆sin𝜔,ሺ𝑡 െ 𝑡ሻ ሾ𝐻ሺ𝑡 െ 𝑡ሻ

ୀ,

ே

ୀଵ

െ 𝐻ሺ𝑡 െ 𝑡 െ 𝑇ሻሿsin
𝑛𝜋𝑣൫𝑡 െ 𝑡൯

𝐿
, 𝑗 ൌ 𝑓, 𝑟. 

(9)

Taking the second derivative of Eq. (9) yields the contact acceleration 𝑢ሷ ሺ𝑡ሻ, which 
is not shown here for brevity. The contact accelerations obtained in this section is 
referred to as the analytical solution and will be used as a reference in the subsequent 
numerical simulation analysis. Clearly, one finds form Eq. (9) that the frequencies of 
the two-axle vehicle have been excluded from the expression of the front and rear 
contact responses. 

In reality, it is difficult to directly measure the accelerations of the contact points 
as they move along with the vehicle over the test bridge. Nevertheless, by using the 
equilibrium equations of the test vehicle, the contact accelerations 𝑢ሷ ሺ𝑡ሻ can be back-
calculated from the responses of the test vehicle and has been verified by field tests 
[3]. For the two-axle vehicle considered, the back-calculated formulas are given as 
follows 

𝑢ሷ ሺ𝑡ሻ ൌ
1

𝑐௪
𝑒

ିೢೕ
ೢೕ

௧
න 𝐹௪ሺ𝜏ሻ

௧



𝑒
ೢೕ
ೢೕ

ఛ
d𝜏, 𝑗 ൌ 𝑓, 𝑟, (10)

where 

𝐹௪ሺ𝑡ሻ ൌ 𝑚௪
dଶ𝑦ሷ௪

d𝑡ଶ  𝑐௪
d𝑦ሷ௪

d𝑡
 𝑘௪𝑦ሷ௪  𝑐௦ 

d𝑦ሷ௪

d𝑡
െ

d𝑦ሷ௩

d𝑡
൨

 𝑘௦ൣ𝑦ሷ௪ െ 𝑦ሷ௩൧. 
(11)

And 𝑦ሷ௪ can be back-calculated from the vehicle’s body responses, i.e., 

𝑦ሷ௪ሺ𝑡ሻ ൌ
1

𝑐௦
𝑒

ିೞೕ
ೞೕ

௧
න 𝐹௦ሺ𝜏ሻ

௧



𝑒
ೞೕ
ೞೕ

ఛ
d𝜏, 𝑗 ൌ 𝑓, 𝑟, (12)

where 

𝐹௦ሺ𝑡ሻ ൌ ൬
𝑑𝑀௩

𝑑
൰

dଶ𝑦ሷ௩
d𝑡ଶ െ ൬

𝐽௩

𝑑
൰

dଶ𝜃ሷ௩
d𝑡ଶ  𝑘௦ൣ𝑦ሷ௩ െ 𝑑𝜃ሷ௩൧  𝑐௦ ቈ

d𝑦ሷ௩
d𝑡

െ 𝑑
d𝜃ሷ௩
d𝑡

, (13a)
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𝐹௦ሺ𝑡ሻ ൌ ቆ
𝑑𝑀௩

𝑑
ቇ

dଶ𝑦ሷ௩
d𝑡ଶ  ൬

𝐽௩

𝑑
൰

dଶ𝜃ሷ௩
d𝑡ଶ  𝑘௦ൣ𝑦ሷ௩  𝑑𝜃ሷ௩൧  𝑐௦ ቈ

d𝑦ሷ௩
d𝑡

 𝑑
d𝜃ሷ௩
d𝑡

. (13b)

3  Recovery of Bridge Mode Shapes 
 
To identify mode shapes of the bridge, the bridge component responses that are of 
concern can be singled out from the front and rear contact responses by techniques 
such as bandpass filter and mode decomposition techniques. For illustration, the case 
when the vehicle’s two wheels are acting simultaneously on the bridge is considered. 
By assuming the driving frequency 𝑛𝜋𝑣/𝐿 is much smaller than the bridge frequency 
𝜔,, the bridge acceleration component response can be obtained from the theoretical 
contact displacement in Eq. (9), i.e.,  

𝑢ሷ ሺ𝑡ሻ ൌ 
െ𝑆𝜔,

ଶ

1 െ 𝑆
ଶ ቈ

Δ௦௧,sin𝜔,൫𝑡 െ 𝑡൯
Δ௦௧,sin𝜔,ሺ𝑡 െ 𝑡ሻ

 sin
𝑛𝜋𝑣൫𝑡 െ 𝑡൯

𝐿

ே

ୀଵ

, 𝑗 ൌ 𝑓, 𝑟. (14)

By using trigonometric function formulas, one can obtain the acceleration of the 
contact point 𝑢ሷ ,ሺ𝑡ሻ as: 

𝑢ሷ ሺ𝑡ሻ ൌ 
𝑆𝜔,

ଶ 𝐾
1 െ 𝑆

ଶ 𝐴ሺ𝑡ሻcos൫𝜔,𝑡  𝜃൯, 𝑗 ൌ 𝑓, 𝑟

ே

ୀଵ

, (15)

where 

𝐾 ൌ ටΔ௦௧,
ଶ  Δ௦௧,

ଶ  2Δ௦௧,Δ௦௧,cos𝜔,൫𝑡 െ 𝑡൯, (16a)

𝐴ሺ𝑡ሻ ൌ sin
𝑛𝜋𝑣൫𝑡 െ 𝑡൯

𝐿
, 𝑗 ൌ 𝑓, 𝑟, (16b)

𝜃 ൌ tanିଵ ቆ
Δ௦௧,cos൫𝜔,𝑡൯  Δ௦௧,cos൫𝜔,𝑡൯

Δ௦௧,sin൫𝜔,𝑡൯  Δ௦௧,sin൫𝜔,𝑡൯
ቇ. (16c)

Subsequently, the WT of contact acceleration 𝑢ሷ ,ሺ𝑡ሻ can be obtained, 

𝑊ሺ𝑎, 𝑏ሻ ൌ
√𝑎
2


𝑆𝜔,

ଶ 𝐾
1 െ 𝑆

ଶ 𝐴ሺ𝑏ሻ𝚿∗

ே

ୀଵ

൫𝑎𝜔,൯𝑒൫ఠ್,ାఏబ൯, 𝑗 ൌ 𝑓, 𝑟. (17)

For a fixed value of the dilatation parameter 𝑎 , ห𝑊ሺ𝑎, 𝑏ሻห  reaches the 
maximum at 𝑎 ൌ 𝜔/𝜔, for the nth bridge component response, i.e., 

ห𝑊,ሺ𝑎, 𝑏ሻห ൌ ቤ
ඥ𝑎

2
𝑆𝜔,

ଶ 𝐾
1 െ 𝑆

ଶ 𝐴ሺ𝑏ሻ𝚿∗൫𝑎𝜔,൯ቤ , 𝑗 ൌ 𝑓, 𝑟. (18)

In this study, the wavelet coefficients of the front and rear contact points are used 
to identify mode shapes of the bridge. For a certain moment (i.e., time parameter 𝑏), 
letting the front contact point be the response point, and the rear contact point be the 
reference point, the ratio 𝜑, of the wavelet coefficients for the front and rear contact 
point responses can be obtained, i.e.,  

𝜑,ሺ𝑎, 𝑏ሻ ൌ ቤ
𝑊,ሺ𝑎, 𝑏ሻ

𝑊,ሺ𝑎, 𝑏ሻ
ቤ ൌ ተተ

√𝑎
2

𝑆𝜔,
ଶ 𝐾

1 െ 𝑆
ଶ 𝐴ሺ𝑏ሻ𝚿∗൫𝑎𝜔,൯

√𝑎
2

𝑆𝜔,
ଶ 𝐾

1 െ 𝑆
ଶ 𝐴ሺ𝑏ሻ𝚿∗൫𝑎𝜔,൯

ተተ (19)
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ൌ ቤ
𝐴ሺ𝑏ሻ

𝐴ሺ𝑏ሻ
ቤ ൌ ቮ

sin
𝑛𝜋𝑣𝑏

𝐿

sin
𝑛𝜋𝑣ሺ𝑏 െ 𝑡ሻ

𝐿

ቮ,  

The ratio 𝜑, of the wavelet coefficients will be updated for interval Δ𝑏 ൌ 𝑡 ൌ 𝑑/𝑣 
as the two-axle test vehicle (and contact points) moves forward. Therefore, the nth 
bridge mode shape can be obtained as  

𝛷ሺ𝑎, 𝑏ሻ ൌ 𝛷ିଵሺ𝑎, 𝑏ିଵሻ𝜑,ሺ𝑎, 𝑏ሻ (20)
By assuming the wavelet coefficient of the initial reference point to be unity, i.e., 
𝛷ሺ𝑎, 𝑏ሻ ൌ 1, the amplitudes of the nth bridge mode shape can be calculated at each 
iteration step. However, the amplitude of the bridge mode shapes is given in absolute 
value. The final mode shapes should be adjusted based on engineer’s judgment and 
experience. 
 
4  Numerical Study  
 

4.1 Verification of back-calculation procedure for contact responses 
 
To illustrate the accuracy of the procedure for calculating contact responses, no other 
signal processing technique will be applied. For the two-axle test vehicle moving at 
𝑣 ൌ 5 m/s (18 km/h) [10], the vehicle body’s vertical and rotational acceleration 
spectra have been plotted in Figure 2(a) and (b), respectively. One finds from the 
spectra in Figure 2 that the 1st bridge frequency can be clearly identified, the amplitude 
of the 2ed bridge frequency drops rapidly, and the 3rd bridge frequency cannot be 
recognized in the vehicle body’s vertical response (Figure 2(a)), but marginally visible 
in the vehicle body’s rotational response (Figure 2(b)). 

0 5 10 15 20 25 30
Frequency (Hz)

0

2

4

6

8
10-3

fb,1 

fb,2 

fv 

0 5 10 15 20 25 30
Frequency (Hz)

0

1

2

3

4

5

6
10-4

fr 

fb,1 

fb,2 fb,3 
fv 

 
(a) (b)

Figure 2 Spectra of vehicle body’s responses: (a) vertical; (b) rotational. 
 

Based on the vehicle body’s vertical and rotational responses (made available by 
FEM) and front and rear wheel responses (available by back-calculation formula in 
Eq. (12)), the front and rear contact responses can be back-calculated by Eq. (10), as 
shown in Figure 3. Evidently, one finds from Figure 3 that the contact responses 
calculated by the proposed back-calculation formula in Eq. (10) match very well with 
the analytical and FEM solutions for both front and rear responses, which is an 
indication that the procedure for calculating the contact responses using Eq. (10) is 
highly reliable. One can find from the spectra in Figure 3 that the vehicle frequencies 
have been eliminated from the front and rear contact responses. In addition, the first 



7 
 

three bridge frequencies appear quite outstanding in the contact response spectra. A 
comparison of the contact spectra in Figure 3 with the vehicle’s body spectra in Figure 
2 indicates that contact responses outperform the vehicle responses in that more bridge 
frequencies of high orders can be identified. 

 
(a) (b)

Figure 3 Spectra of contact responses: (a) front contact point; (b) rear contact point.
 

fb,1 

fb,2 

fb,3 

fb,1 

fb,2

fb,3 

 
(a) (b)

Figure 4 WT results of: (a) front contact response; (b) rear contact response. 
 

 
Figure 5 Bridge mode shapes recovered from the front contact response. 

 
4.2 Recovery of bridge mode shapes by the WT 
 
The reliability of the procedure for recovering mode shapes of the bridge using WT 
will be assessed in the following. The wavelet coefficients of the front and rear contact 
responses obtained by applying the WT have been plotted in Figure 4(a) and (b), 
respectively. As can be seen from Figure 4(a) and (b), the identified bridge frequencies 
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are marked with red lines on the time-frequency diagrams (i.e., ห𝑊ሺ𝑎, 𝑏ሻห reaches 
the maximum as the condition 𝑎 ൌ 𝑓/𝑓,  is met for each bridge component). 
Subsequently, applying the procedures for recovering bridge mode shapes, one can 
obtain the first three mode shapes of the bridge, which have been plotted in Figure 5. 
Obviously, one can find from Figure 5 that the first three mode shapes of the bridge 
recovered by the present procedure match well the theoretical ones. For the present 
case, the modal assurance criterion (MAC) values for the first three mode shapes in 
Figure 5 are 0.999, 0.999, and 0.999, which indicates that the mode shapes of the 
bridge identified by the present procedure are of high accuracy.  
 

5  Conclusions  
 

In this study, wavelet transform (WT) is theoretically investigated to extract bridge 
mode shapes from a passing two-axle test vehicle. Firstly, closed-form solutions for 
the dynamic responses of the bridge and front and rear contact points are derived. 
Secondly, to overcome the masking effect by vehicle’s self frequencies on bridge 
frequencies in the vehicle’s spectra, the procedure for calculating contact responses 
of a two-axle test vehicle considering the suspension effect was derived. Next, the WT 
is theoretically investigated to construct the bridge mode shapes via the use of the 
correlation between the front and rear contact points. The feasibility of the proposed 
method for constructing mode shapes was successfully verified by the numerical study.  
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