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Abstract

Retrofitting and strengthening measures are crucial for preserving historical masonry
structures against earthquakes. Tie rods are often the preferred solution due to their
effectiveness, feasibility, and cost efficiency. Additionally, it allows to minimise ar-
chitectural impact, especially for historical buildings. A comprehensive combinatorial
analysis has been conducted within a limit analysis-based approach. Such an approach
discretises the structure using hexahedron elements with quadrilateral interfaces, sub-
jecting it to various input loads including seismic ones. The procedure explores all
possible retrofitting configurations by evaluating different arrangements of the tie rods
by varying the anchoring points of the bars connecting opposite facades of the build-
ing. A tree-shaped multi-stage algorithm is adopted to reduce the research domain
and identify the optimal retrofitting strategy. Effectiveness of each configuration is
evaluated using a mechanical parameter — the velocity indicator — linked to power
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dissipation on cracks. The methodology is tested on the ex-monastery of Santa Maria
della Pace in Piacenza (Italy), featuring a single-nave church with an embedded bell
tower.

Keywords: Heritage, Historical masonry, Limit analysis, Tie rods, Parametric analy-
sis, Seismic assessment

1 Introduction

Masonry structures, especially those of historical significance, pose unique challenges
in seismic assessment and retrofitting because of their complex geometries, material
properties and intrinsic uncertainty due to the limited knowledge and lack of historical
data. Understanding the behaviour of these structures under seismic loading is crucial
for preserving the cultural heritage and ensuring public safety [1, 2].

This paper presents a first step for the assessment of the optimal distribution of
tie roads for the seismic retrofit of masonry structures, particularly focusing on the
historical contexts. Central to this study is the use of a preliminary combinatorial
analysis to assess the effectiveness of different tie rods positioning, to evaluate the
structural response under increasing horizontal loads, which is particularly relevant
for ancient masonry structures characterised by arches and vaults [3–5].

The investigation employs a 3D discrete element model of the church of the ex-
monastery of Santa Maria della Pace (Figure 1) in Piacenza (Italy), with the aim
of developing the limit analysis of the nonlinear model of the building subjected to
increasing monotonic horizontal loads. The analysis considers the different combi-
nations of tie rods’ connection conditions aiming to assess the global response of the
church as part of the building aggregate, and the local response of its different portions
such as the facade and the bell tower. In this way, the in-plane behaviour and potential
failure mechanisms for each retrofitting solution are investigated and the effect of dif-
ferent tie rod configurations is evaluated. Emphasising the importance of accurately
modelling both geometry and material behaviour [6], this study aims to assess the
effectiveness of the tie-rods retrofitting solution with respect to the seismic vulnera-
bility mitigation, and determine the most effective retrofitting intervention through a
combinatorial approach [7]. Special attention is paid to the connections between the
walls and the tie rods, as these factors significantly influence the safety of masonry
structures during seismic events [8, 9].

The study delves into the use of an upper bound limit analysis-based approach to
capture the structural behaviour of the church. The structure is discretized in rigid
blocks where the inelastic deformation can occur only at the elements’ interfaces. The
approach allows the evaluation of the collapse acceleration by evaluating the critical
collapse mechanisms and the necessity for retrofitting interventions. Through the pro-
posed methodology, this paper offers valuable insights into the seismic vulnerability
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Figure 1: The ex-monastery of Santa Maria della Pace in Piacenza (Italy): (a) global
view, (b) 3D view of the church including the bell tower

assessment and mitigation of masonry structures in historical contexts through tie-rods
installation.

The paper is organized as follows: Section 2 introduces the methodology of the
limit analysis and the implementation criteria of the combinatorial analysis. Section 3
is devoted to the definition of the case study while section 4 offers a detailed descrip-
tion of the F.E. model and a comprehensive discussion of the results obtained from the
analyses. Finally, conclusions and future developments are pointed out in Section 6.

2 Methodology

In the context of restoring an ancient historical building, such as the ex-monastery of
Santa Maria della Pace in Piacenza, the combinatorial logic plays a pivotal role in the
design of tie-rods used to reinforce the structure [9]. They are arranged according to
specific constraints, such as their limited application to the upper part of the build-
ing, where their performance are maximized, and their anchoring to parallel walls
at the same height. By adopting a combinatorial approach, all feasible tie-rod con-
figurations, which respect geometric and structural constraints, are evaluated aiming
to identify the optimal retrofitting strategy for ensuring maximum structural stability.
The best combination, assumed to be composed by a maximum of two tie-rods, is
defined by the highest mean value of the collapse load in the four horizontal loading
directions (X and Y positive and negative directions) under the most severe distribu-
tion of horizontal forces (G1 triangular or G2 uniform, as defined in the Italian build-
ing code [10]). In this sense, the combinatorial problem has been practically solved
by means of a parametric analysis where the extreme edge of the rods dynamically
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change during the process.

The methodology is therefore based on a parametric analysis in which the effect
resulting from the position of the tie rods, for each considered configuration, has been
investigated based on the corresponding collapse load. At this stage, the cross-section
of the chains and other geometric and/or structural constraints have not been taken
into account. Only the optimal layout of the tie rods has been investigated in this
preliminary work.

The adopted methodology provides the discretization of the structure in infinitely
resistant hexahedron elements. Materials constituting historical masonry structures
are assumed rigid-perfectly plastic characterized by infinite ductility while inelas-
tic deformations can occur only at elements’ interfaces. Therefore, the structure is
discretized into distinct elements and the problem belongs to classic limit analysis.
Among the different outputs, the collapse load and the active failure mechanism can
be evaluated. Under such hypotheses, the solutions found with the upper bound and
lower bound theorems coincide since the plasticity is concentrated in a finite number
of interfaces. Since the limit analysis problem formulation can be done both from a
kinematic and static point of view, the kinematic approach is adopted due to its sim-
plicity. Then adopting the formulation of the self-dual linear programming problem,
the static counterpart can be derived. The primal variables of the problem consist
of six unknowns per hexahedron, in particular centroid velocities along the reference
axes and the rotation rates around the centroid. External forces are assumed to be only
volume forces applied at the centroids of the elements, consisting of a set which is
independent from the collapse multiplier and another set dependent on it.

Considering that plastic dissipation is allowed only at elements’ interfaces, the
jump of velocities on the generic interface between two elements should be evaluated
in order to preserve plastic compatibility. For each interface it is assumed a constant
stress state, meaning that the compatibility constraint on the jumps of velocities is
imposed on a single point of the interface.

The interface material was assumed to obey a Mohr-Coulomb failure criterion with
tension and compression cutoff, characterised by a tensile strength (ft), a compressive
strength (fc), a cohesion (c) and a friction angle (ϕ).

At elements’ interfaces, a set of linear inequalities can be written to define the
plastically admissible strength domain. Considering an associate flow rule, for each
element interface the jump of velocities is linked to the plastic strain rate vector, lead-
ing to a set of linear equations. But since the plastic strain rate vector is non-negative,
there is a set of further inequalities for each interface. In any upper bound limit anal-
ysis, the normalization condition is needed to identify one failure mechanism among
the infinite set of homothetic deformed shapes. This constraint - generally imposed
assuming that the power dissipated by the external loads, expressed in function of
the collapse multiplier, is unitary when the collapse multiplier is equal to one - leads
to another set of inequality constraints. Given the normalisation condition, the col-
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lapse multiplier is simply computed as the difference between the internal power and
the power expended by the external loads independent of the load multiplier. In the
framework of the upper bound theorem, this difference is the objective function to
minimise. Finally, standard inequalities involving generalised velocities should be
written to impose the boundary conditions of those elements whose nodes are exter-
nally constrained. Tie rods are modelled using rigid-plastic truss elements anchored
at hexahedron centroids. In the proposed methodology, the presence of tie rods leads
to a set of linear equations constraining the velocities of the elements connected by
the tie rods. In order to find the collapse load multiplier and the active failure mech-
anism, a linear programming problem should be solved, considering the relationship
between jump of velocities and plastic multipliers on all interfaces, the normalization
condition of the failure mechanism, boundary conditions, presence of tie rods and
the objective function to minimise. This method is implemented with a script in the
software MATLAB. For more information about the analytical procedure, the reader is
referred to [11].

In Figure 2 a simple representation of the adopted case study is shown for clarity
purposes. The schematic of the church reports for simplicity the four walls and an
indication of the roof. The methodology works by defining two sets of possible ends
of the tie-rods, that should be on parallel walls at the same height. For this reason,
the elements of the upper rows of the facing walls are highlighted, naming Ah and
Bk the h-th and k-th elements belonging to the two walls. The procedure selects
randomly four of these elements for all the possible configurations defining two tie-
rods connecting the opposite facades. As depicted in Figure 2, the two edges of the
tie rods labelled as A2 and B9 for the first chain and A6 and B2, for the second one,
respectively, are selected for this specific combination.

For each combination, the collapse load, calculated as the ratio between the base
shear and the vertical load, is evaluated by means of the upper bound limit analysis
approach according to the four loading directions coherently to the selected horizontal
forces distribution. Because of the large dimension of the research domain, the com-
putation demand has been reduced by adopting a tree-shaped multi-stage algorithm.
First, the structure is discretized using big elements (rough mesh) and the best 2 or 3
combinations are identified. Then the mesh is refined and the set of elements poten-
tially selected for the installation of the chain, is limited to the area identified in the
previous step. The most effective combination is the one defined by the highest mean
value of the collapse load among all the four investigated loading directions.

This is just the initial step in a broader process. To further optimise the project
and solve complex structural engineering problems, it is necessary to resort to the
use of artificial intelligence algorithms or intelligent routines. The transition towards
metaheuristic algorithms is motivated by several factors. Firstly, they allow for better
optimisation of load and computational times, reducing manual work and speeding up
the design process. Additionally, they enable obtaining more cost-efficient solutions
by considering available materials and resources, as well as maximising structural
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Figure 2: The combinatorial approach for the tie rods optimisation procedure

performance to ensure the building’s long-term safety.

The integration of combinatorial analysis with advanced artificial intelligence al-
gorithms represents a significant advancement in the field of structural engineering,
offering a novel optimization framework where the optimal design of the retrofitting
scenario can be obtained automatically independently of the specific target study.
This interdisciplinary approach not only enhances the efficiency and effectiveness of
restoration projects but also contributes to the broader understanding and application
of mathematical and computational techniques in structural conservation.

3 The ancient masonry structure in aggregate

The ex-monastery of Santa Maria della Pace in Piacenza, Italy, was built by the Bene-
dictine nuns in the 16th century and has undergone several changes over the subse-
quent centuries. The surviving portion of the original structure has not been signif-
icantly altered. The monastery is characterised by a cloister layout with two levels,
featuring cross vaults covering the cloister and corridors on the first floor, and rooms
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mainly covered by cloister vaults, with some rooms having timber beam and joist
decks. The structure also includes a pitched roof with varying heights, depending on
the elevation geometry of different parts of the building. The bearing structure is made
of timber beams and joists and is covered by tiles. Additionally, the structure is con-
sidered a building aggregate due to its confinement by adjacent buildings on two sides,
as well as the presence of a church and a bell tower within the complex. The church
has a large single nave covered by a barrel vault with reinforcing arches as depicted in
Figure 3, while the bell tower is a slender hollow structure [8]. The church of the ex-
monastery was chosen as a case study for the development of the methodology due to
its simple geometry. Since the preliminary stage of the research, the church connected
with the bell tower is studied as an isolated building neglecting any interaction effect
between the two structures. In future developments, also the constraints provided by
adjacent buildings will be considered.

The structure is made of masonry constituted by regular solid clay bricks, and the
mechanical properties have been defined based on the level of knowledge reached
only by visual inspections, namely LV1 by the Italian building code [10] . The ma-
sonry material properties have been evaluated using the Masonry Quality Index (MQI)
method, which leads to the assessment of the mechanical parameters of masonry, as
shown in [8]. The parameters required for the definition of the Mohr Coulomb strenght
criterion used in the proposed methodology are tensile strength ft = 0.07MPa, com-
pressive strength fc = 2.5MPa, cohesion c = 0.07MPa and friction angle ϕ = 30°.

Figure 3: The church of the ex-monastery of Santa Maria della Pace

4 The structural model

The structural model of the church is created starting from a 3D geometric model built
in Revit and subsequently imported in the commercial software Straus7, that is used
only to create the mesh defined by hexaedron (Hexa8) elements. Since after a visual
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inspection it was assumed that the barrel vault has only an aesthetic function and not a
structural one, it is disregarded in the structural model. The upper bound limit analysis
is carried out in the software MATLAB starting from the mesh defined in Straus7. The
material properties, specified in the previous section, are directly given as input in the
MATLAB script.

In order to follow the methodology proposed, which involves a tree-shaped multi-
stage algorithm, two structural models are built. The first is characterised by a rough
mesh (Figure 4a), instead the second one is characterised by a finer mesh (Figure 4b).

Figure 4: Structural model by adopting a (a) rough mesh (1st step) and (b) finer mesh
(2nd step). Masonry elements potentially selected as extreme of the tie rods
are highlighted for each analysis step.

5 Results

First of all the seismic behaviour of the church is evaluated without the presence of
tie rods. Results are shown in Figure 5 for both the load cases (G1 and G2) applied
in both positive and negative X and Y directions. The worst load configuration is
G1 (triangular distribution of horizontal forces), which leads to the lowest values of
collapse loads in all directions. Moreover, the most vulnerable parts of the church are
the bell tower and the room adjacent to it. For these reasons, the following analyses
are performed according to the most severe distribution G1 and, as a first intervention,
a combination of two tie rods is searched for the room adjacent to the bell tower.

According to the adopted tree-shaped multi-stage algorithm, two vectors of ele-
ments for the rough mesh are identified as possible starting and ending points of the
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tie rods, as shown in Figure 4a. Having 4 elements in Vector 1 and 7 elements in
Vector 2, the total number of possible combinations is 252. In MATLAB software,
limit analyses are performed for each pair of tie rods in the four loading directions.
The best three combinations, according to the highest mean values of collapse load in
the four directions, have been identified and they are depicted in Figure 6. Starting
from these combinations, in the finer mesh, the area of investigation is restricted to
a limited region. The corresponding elements in the model, characterised by a finer
mesh, have been selected (see Figure 4b) allowing the reduction of the computational
effort. During the elements selection, Configuration 2 has been disregarded since one
of the two tie rods is anchored above the window. Indeed, instead of evaluating 15840
combinations, only 300 combinations are analysed since 5 and 6 elements have been
identified for Vector 1 and Vector 2, respectively. Once again, the analyses are per-
formed for each pair of tie rods. The best solution is shown in Figure 7, as well as the
active mechanism and collapse loads (ag/g), expressed in terms of the ratio between
base shear and vertical load in all directions.

The best layout identified for a pair of tie rods placed in the smaller room is
characherised by two crossing tie rods. Comparing the collapse load found with and
without tie rods, it is possible to see that a significant increase of the collapse load
is reached only for load distributions in X direction. The bell tower is still vulnera-
ble against horizontal loads. Besides the tie rods configuration found, further tie rods
layouts should be studied for strengthening the bell tower.

Figure 5: Limit Analysis results without tie rods for loading distribution G1 and G2
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Figure 6: Best three tie rods configurations found with the rough mesh

Figure 7: Most effective layout for a pair of tie rods

6 Conclusions

An upper bound limit analysis approach with combinatorial optimization is used to
find the best layout of a pair of tie rods for strengthening historical masonry structures.
An algorithm identifies all the possible layouts starting from two vectors, entered man-
ually, containing possible starting and ending points of tie rods. The approach is based
on a tree-shaped multi-stage algorithm to reduce the computational effort. Indeed, at
the beginning, the best 2 or 3 configurations are identified using a rough mesh, which
involves a limited number of possible tie rod layouts. Subsequently, a finer mesh is
used to identify the final tie rod configuration, but limiting the area of possible tie-rods
anchoring positions based on the previous results.

The procedure has been tested on the church of the ex-monastery of Santa Maria
della Pace in Piacenza (Italy). Since the study is at an initial stage, even though the
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church belongs to a building aggregate, it has been considered as an isolated building.
Further investigations considering external constraints provided by adjacent buildings
will be carried out in future studies.

A first configuration of tie rods has been identified for the most vulnerable portion
obtained from the analysis. The layout is characterised by crossing tie rods, which
significantly increases the collapse load of the structure when loaded in both positive
and negative X directions. The bell tower remains the most vulnerable part, there-
fore, besides the layout identified, further tie rod configurations should be installed to
guarantee the stability of the bell tower.

This procedure outlines the initial step of a process aimed at optimizing the design
of strengthening interventions with tie rods. However, it emphasises the importance
of incorporating artificial intelligence algorithms, particularly genetic algorithms, to
achieve optimal solutions, reduce manual work and computational effort, and speed up
the design process. These algorithms also facilitate cost-efficient solutions by consid-
ering available materials and maximising structural performance for long-term safety.

In future developments of this work, aiming to reduce the computational effort of
the current approach and improve the exploration efficiency of the automatic routine,
broader investigations will include the use of metaheuristic algorithms like the Genetic
Algorithm by considering other structural, economic and environmental indicators like
structural cost (i.e. weight), economic costs, and Carbon footprint as target functions
of the optimization problem statement [12]. In addition, a more accurate modelling of
the confinement provided by neighbouring portions as well as the preliminary design
of the tie rods will be investigated in future developments of the current research.
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